To every C * correspondence over a C * -algebra one can associate a Cuntz-Pimsner algebra generalizing crossed product constructions, graph C * -algebras, and a host of other classes of operator algebras. Cuntz-Pimsner algebras come equipped with a "gauge action" by the circle group and its finite subgroups.
Introduction
Among actions of (topological) groups on topological spaces free ones play a special role it is difficult to overstate.
The fact that the quotient space X → X/G of such an action (by G on X) is well behaved makes free actions a good starting point for defining equivariant versions of invariants in algebraic topology. Equivariant cohomology [16] is an example, as is equivariant K-theory. The latter is typically defined by means of G-equivariant vector bundles on X, and when the action is free the construction is reducible to ordinary K-theory on X/G [13] .
The general driving principle behind freeness is that it entails good "descent" properties: Gequivariant structures on X can be recast as analogous structures on the quotient space X/G. This applies for instance to vector bundles: for free actions there is an equivalence vector bundles on X/G G-equivariant vector bundles on X ≃ ≃ See e.g. [13, Proposition 4.2] and the discussion immediately preceding it. For all of these reasons, it is of interest to extend the concept of action freeness to the wider framework of noncommutative topology, where spaces are recast a possibly noncommutative C * -algebras. This theme, for instance, drives much of [9] , where freeness features in the study of operator-algebraic equivariant K-theory.
What we here call 'freeness' is referred to in [9, §7.1] as saturation. For an action of a compact abelian group G on the C * -algebra A this means that
where G is the discrete Pontryagin dual of G and A τ is the τ -eigenspace of the action (see Section 1 below for further details). We also refer the reader to [10] for more discussion of this non-commutative analogue to classical freeness for group actions on operator algebras. The concept of freeness is extensible even further, to the setting of actions of quantum groups on C * -algebras; [2, 1] are good references for this aspect of the story. Whether classical or quantum, the interest in freeness ultimately stems from the same good descent properties it brings about alluded to above. For actions of an ordinary (as opposed to quantum) compact group G on a C * -algebra A, for instance, saturation is initially defined in [9, 7.1] as the requirement that a certain bimodule implement a Morita equivalence between the fixed-point algebra A G (noncommutative analogue to X/G) and the crossed product A ⋊ G (see e.g. Definition 7.1.4 in loc. cit.; the notion was initially due to M. Rieffel).
The category of finitely generated projective A ⋊ G-modules is the noncommutative incarnation of equivariant bundles, so the story is indeed parallel to its classical counterpart. Although quantum group actions will not feature below, the same analogies persist when the acting group is quantum as well. This follows, for instance, from [1, Definition 0.2 and the equivalence (1) ⇔ (2) of Theorem 0.4] combined with [12, the equivalence (1) ⇔ (2) of Theorem I].
The present paper is concerned with actions by the circle group and its finite subgroups Z/k on the C * -algebras introduced in [4] , modifying the initial construction of [11] . The initial data of the construction is a C * -correspondence consisting of a C * -algebra A, a Hilbert A-module E, and a morphism ϕ : A → B(E) into the C * -algebra of adjointable operators on E. This makes E into an A-bimodule and allows the construction of the Fock space
attached to the correspondence. One then construct the Toeplitz algebra T E . This is the C * -subalgebra of B(F (E)) generated by creation operators
for e ∈ E and A, where the latter acts on the left on each E ⊗n through ϕ. Finally, the CuntzPimsner algebra O E is a certain quotient of T E (see §1.1 below for details).
The construction generalizes crossed products, graph algebras and other popular classes of C * -algebras (see e.g. [4] for further discussion). The algebras T E and O E come equipped with a "gauge action" by the circle group bS 1 ⊂ C × whereby z ∈ S 1 scales E by z; this then also restricts to actions by the finite subgroups of S 1 . It is these gauge actions whose freeness we are interested in throughout. The paper is organized as follows: Section 1 contains some prefatory material setting the stage for the sequel. In Section 2 we prove the main results: Theorems 2.7 and 2.8 characterize those unital C * correspondences (A, E, ϕ) for which the gauge action by S 1 (respectively Z/k ⊂ S 1 for positive integers k ≥ 2) are free.
The same last section also contains a discussion, in §2.3, of the relation between the main result of the present paper and earlier work in the literature on the freeness of gauge actions on graph C * -algebras. After reviewing briefly how the latter can be recovered as Cuntz-Pimsner algebras, we recall the characterization of graphs for which the various gauge actions are free due to [8] and re-derive these results as consequences of Theorems 2.7 and 2.8 for graphs with finitely many vertices.
Preliminaries

Cuntz-Pimsner algebras
As noted above, the main objects of study are the algebras attached to a Hilbert correspondence E over a (unital, in our case) C * -algebra A. introduced in [4] and further studied in [5, 6] . The construction is a modification of that in [11] , and the two coincide when the left action of A on E is faithful. We now briefly sketch the construction. First, recall: Definition 1.1 Let A be a C * -algebra. A correspondence over A is a (right) Hilbert module E over A together with a morphism ϕ : A → B(E) into the algebra of adjointable operators on E.
The correspondence is faithful if ϕ is one-to-one and full if the closed span of the elements A ∋ x|y , x, y ∈ E (which in general is an ideal of A) is all of A. The correspondence is finitely generated (or FG for short) if E is so as a right A-module.
Remark 1.2
Finite generation is equivalent to the ideal K(E) ⊆ B(E) of compact operators being unital, i.e. all of B(E); it is also equivalent to E being projective and finitely generated as a right A-module (see [17, Theorem 15.4.2] and surrounding discussion).
To a C * correspondence (A, E, ϕ) [4] associates a C * -algebra denoted here somewhat abusively by O E . While a bit of a misnomer, we will refer to these as Cuntz-Pimsner algebras, which phrase we will occasionally abbreviate to CP. The ambiguity stems from the fact that the construction differs somewhat from that of [11] , but the present paragraph will serve as sufficient warning to the reader. Remark 1.3 For us, the underlying C * -algebra A of a correspondence is always unital, as is the left action via the morphism ϕ : A → B(E). We occasionally remind the reader of this convention by referring to the correspondence itself as unital.
The construction of O E is recalled in [5, §3] . One starts by defining the Pimsner-Toeplitz algebra T E attached to E as being generated by the creation and annihilation operators e and e * , e ∈ E on the Fock space
The tensor powers E ⊗n are Hilbert correspondences using the two actions of A on E, and the direct sum is one of Hilbert correspondences (see also [5, §4] ).
One can then define (injective, it turns out) morphisms ψ n :
where in general, for an ideal I ⊆ A, its orthogonal complement I ⊥ is the ideal of elements that annihilate I by multiplication (see e.g. [5, Definition 3.2] ).
Finally, we have
The Cuntz-Pimsner algebra O E associated to the C * correspondence (A, E, ϕ) is the quotient of the Pimsner-Toeplitz algebra T E by the ideal generated by
as a ranges over J E .
The surjection T E → O E induces (again, one-to-one) morphisms K(E ⊗n ) → O E ; by a slight notational abuse we once more denote them by ψ n respectively. We rely on context to distinguish between these and their identically-named counterparts with codomain T E .
For both T E and O E the span of the elements
m , e i , f j ∈ E, m, n ∈ Z ≥0 and m + n > 0 is a dense * -subalgebra. Definition 1.5 The gauge action on T E or O E is the action of S 1 on O E and T E whereby z ∈ S 1 ⊂ C scales e ∈ E by z. We also refer to the restrictions to Z/k ⊂ S 1 as gauge actions, and when having to distinguish call the S 1 -action full.
Graph algebras
Note that graph C * -algebras (e.g. [3, Definition 1 and surrounding discussion]) can be recovered as Cuntz-Pimsner algebras O E . Our reference for this will be [4, §3.4] .
For a directed graph Γ with vertex set Γ 0 , edge set Γ 1 and source and range maps
is the universal C * -algebra generated by vertex projections p v , v ∈ Γ 0 and partial isometries s γ , γ ∈ Γ 1 subject to the following relations
• for every vertex v, the ranges of s γ for s(γ) = v are mutually orthogonal and dominated by p s(γ) ;
• if the set s −1 (v) is non-empty and finite then
Now set A = C 0 (Γ 0 ) (C * -algebra of functions vanishing at infinity on the discrete space Γ 0 ) and
giving the Hilbert module structure is defined by
Similarly, the left action ⊲ defining ϕ : A → B(E) is given by
The A-valued inner product on E is
This defines a correspondence (A, E, ϕ) over A which we sometimes denote somewhat abusively by E(Γ). With all of this in place, C * (Γ) is isomorphic to O E(Γ) (see [4, §3.4] ). This relationship between graph and CP algebras will resurface later in §2.3, when we address connections to existing literature. C * (Γ) is unital if and only if Γ 0 is finite (e.g. [7, Proposition 1.4]), so we will be concerned primarily with graphs with finitely many vertices.
Free actions
Consider an action of a compact group G on a unital C * -algebra A, cast as a coaction 
has norm-dense range.
As confirmed by [2, Theorem 2.9], this recovers the classical notion of freeness when A = C(X) for a compact Hausdorff space X. [2, 1] both work in the context of compact quantum groups acting on A; we do not need the more elaborate framework of quantum groups here, given that we are concerned with actions by S 1 an its finite subgroups only. For compact abelian groups freeness is also equivalent to the notion of saturation of [10, Definition 5.2] (see also [10, Definition 5.9 and Theorem 5.10]). We review this briefly. Definition 1.8 Let G be a compact abelian group acting on a C * -algebra A. For every character τ of G denote by A τ the τ -eigenspace of the action:
The action is saturated if A * τ A τ is dense in the fixed-point subalgebra
Freeness is equivalent to saturation, which will be our preferred incarnation of the former throughout the paper.
Free gauge actions
The current sections contains the main results of the paper, characterizing those C * correspondences (A, E, ϕ) for which the various gauge actions (full, by S 1 , or finite, by its various subgroups Z/k) are free.
Full action
The analogue of [14, Proposition 2] for CP algebras is Proposition 2.1 Let (A, E, ϕ) be a faithful, full, FG C * correspondence. Then, the gauge action of S 1 on O E is free.
Proof Write B = O E . We have to show that 1 ∈ B belongs to the closed linear span of
The elements of E ⊂ B have degree one, so it will suffice to argue that 1 ∈ A ⊂ B can be approximated by sums of the form
The fact that E is FG and faithful means that 1 ∈ B(E) is compact, i.e. in the closed linear span of the elementary compact operators |e f | for e, f ∈ E. These, however, get identified respectively with ef * through the canonical map K(E) → B resulting from the C * -correspondence structure. Since (A, E, ϕ) is faithful 1 ∈ A is identified in B with its counterpart in K(E) = B(E), and hence sums of the form (1) do indeed approximate the identity in B arbitrarily well.
(d = −1) For e, f ∈ E we have the identification
so our assumption that the closed span of such elements is all of A implies that the latter is contained in the closure of B * 1 B 1 .
We also have a partial converse to Proposition 2.1:
Proposition 2.2 Suppose the gauge S 1 -action on O E is free. Then, the C * correspondence is faithful and FG.
Proof We prove the two claims separately.
Faithfulness
Since the degree-one component B 1 is the closed span of such words consisting of es and f s we have aB 1 = 0, contradicting the fact that the action is free and hence 1 ∈ B 1 B * 1 . FG. The freeness assumption implies in particular that 1 ∈ B 1 B * 1 . Using the fact that B 1 is the closed span of elements of the form
we conclude that 1 is in the closed linear span of elements
As observed before, ef * for e, f ∈ E is the image of the compact operator |e f | ∈ K(E) through the canonical map K(E) → O E . The same remark applies to larger n: the element (2) is the image of the compact operator
For m ≥ 0, the C * -subalgebra of O E generated by the images of K(E ⊗n ) with n ≥ m is denoted by B [m,∞] in [5, §5] . The bottom exact sequence of [5, Proposition 5.16 ] then says that we have an isomorphism
On the other hand though, our assumption that
means precisely that the left hand side of (3) is trivial. It follows that K(E) contains 1 ∈ A and hence is unital, meaning that indeed E is algebraically finitely generated.
We note that the two necessary conditions from Proposition 2.2 are in general not sufficient: Example 2.3 Let A be the product ℓ ∞ (N) (in the category of C * -algebras) of countably many copies of C, where N is the set of all non-negative integers. We set E = χA, where χ ∈ A is the characteristic function of the subset N ≥1 ⊂ N of positive integers.
Finally, in order to complete the description of E as a C * correspondence over A, let ϕ : A → B(E) = χAχ = χA be the isomorphism induced by the shift: f ∈ ℓ ∞ is mapped to the function taking the value 0 at 0 ∈ N and f (n − 1) at n ≥ 1.
The FG property is obvious (eA is a cyclic right A-module), as is the faithfulness, given that we have defined ϕ to be an isomorphism. Lemma 2.4 below, on the other hand, argues that the resulting full gauge action on B = O E is not free Proof B −1 = B * 1 is the closure of the span of elements of the form
Moreover, faithfulness together with the FG property ensure that 1 is arbitrarily approximable by sums of the form e,f ∈E ef * , so we can work with elements (4) for a fixed but arbitrary n. In conclusion, it suffices to show that the distance from 1 to any linear combination of elements of the form
is ≥ 1. Denote the characteristic function of N ≥j ⊂ N by χ j , so that χ 0 = 1, χ 1 is the element χ from Example 2.3, etc. Note that the elements
On the other hand, it is easy to see that E ⊗n is χ n A as a Hilbert module, with the left hand action given by the isomorphism A → B(χ n E) = χ n Aχ n induced by n-fold shift (this is analogous to the case n = 1 described in Example 2.3).
Regarding products e 1 · · · e n as elements of E ⊗n , the above remarks show that (5) is an element of B(E ⊗n ) ⊂ B taking values in the proper subspace
This shows that indeed a linear combination of such elements is ≥ 1 away from the unit 1 ∈ B(E ⊗n ) ⊂ B.
Example 2.3 indicates what can go wrong when attempting to reverse the implication in Proposition 2.2: the issue there is that for n ≥ 0 we have
forming a strictly descending chain of ideals. As soon as we rule this out, however, freeness of the gauge action is restored. To phrase the result we need to introduce the following notion. Definition 2.5 Let (A, E, ϕ) be a C * correspondence, and for non-negative integers n ≥ 0 denote by I n the ideal of A defined recursively as follows:
• I 1 is the closed span of e|f for e, f ∈ E;
• I n+1 is the closed span of e|ϕ(x)f for e, f ∈ E and x ∈ I n .
Note that we have
The C * correspondence is artinian if the chain (I n ) n≥0 eventually stabilizes.
Remark 2.6
The artinian property is here named by analogy with the algebraic notion, where it means that an algebra has no strictly descending infinite chains of ideals. In B, the middle segments (5) respectively span (a dense subset of) the ideal I n+1 , so for sufficiently large n linear combinations of such elements approximate elements of the form f * 1 · · · f * n p 1 · · · p n arbitrarily well. This means that for large n
for e i ∈ E, etc. is approximable by linear combinations of elements of the form (5) . In other words, we have
(⇒) We already know from Proposition 2.2 that freeness entails faithfulness and the FG property, so it remains to show that it also implies artinianness. Freeness implies that 1 ∈ B −1 B * −1 , and hence for some n a linear combination t ∈ B of elements of the form (5) is within some small ε > 0 of the unit 1 ∈ B.
Such a t is an operator on
taking values in E ⊗n I n+1 . The previous paragraph then implies that
for all x ∈ E ⊗n , meaning (e.g. by Hahn-Banach) that the Hilbert submodule
is equal to E ⊗n . To conclude, note that on the one hand left-multiplying the left hand side of (what we now know to be the equality) (6) by e * 1 · · · e * n , e i ∈ E produces elements in I n+1 , whereas applying the same maps to the right hand side produces elements spanning a dense subspace of I n . The claim that I n+1 = I n follows.
Finite actions
Next, we consider the restricted gauge actions of Z/k, k ≥ 2 on Cuntz-Pimsner algebras O E , for the same purpose of determining precisely when they are free. We retain the shorthand notation B = O E , and recall from §1.1 the definition of the ideal J E ⊆ A:
where the orthogonal complement I ⊥ of an ideal I ⊆ A is by definition
Recall also the ideals I n , n ≥ 0 of A introduced in Definition 2.5. The main result of the present subsection is Theorem 2.8 Let k ≥ 2 be a positive integer and (A, E, ϕ) a unital C * correspondence. The gauge Z/k-action on B = O E is free if and only if
Proof We prove the two claimed implications separately.
(⇐) We have to argue that under the assumption that (7) holds we have 1 ∈ B 1 B * 1 for a generator 1 ∈ Z/k. Essentially by definition, we have
On the other hand K(E) ⊂ B is the closed span of ef * for e, f ∈ E, and by the definition of the Cuntz-Pimsner algebra B the elements x ∈ J E ⊂ A ⊂ B are identified respectively with ϕ(x) ∈ K(E) ⊂ B. It follows that such elements are approximable sums e,f ∈E ef * .
All in all, the hypothesis ensures that we can find an invertible element of B of the form
for es and f s in E. Since all terms belong to B 1 B * 1 , this concludes the proof of the present implication.
(⇒) This time we assume that 1 ∈ B 1 B * 1 . The monomials (in e, f * for e, f ∈ E) belonging to B 1 are qualitatively of two types:
1 is approximable by a finite sum σ of xy * for linear combinations x and y of terms of the above two types. Discarding those terms of σ that lie outside the degree-0 component of B with respect with the full gauge (i.e. S 1 -)action, we obtain an approximation of 1 by
for es, f s, gs and hs in E, various t ≥ 1 and 0 < s ∼ = −1(mod k) (so in particular s ≥ k − 1). In the notation of [5, §5] and recalled in the proof of Proposition 2.2 above, this means that
Once more using the result (of [5, Proposition 5.16] ) that the canonical map
is an isomorphism, we conclude that the image of J E through A → A/J E is full. This is the desired conclusion, finishing the proof.
Remark 2.9 Once more, this result shadows the analogous one for graph algebras (which it generalizes). Compare the condition in the statement, referencing the ideal I k−1 , with the necessary and sufficient condition for freeness in [8, Proposition 4.3] for graph algebras: in the context of row-finite graphs it requires that all sinks receive length-(k − 1) paths.
Prior work
Freeness for gauge actions has been considered before by several authors in the context of graph algebras. In this subsection we review how the above results recover those in the literature (at least for graphs with finitely many vertices) via the realization of graph C * -algebras as Cuntz-Pimsner sketched in §1.2.
[14, Proposition 2] provides a sufficient condition for freeness for the full gauge action: the graph Γ should meet the requirements that
• every vertex emits only finitely many edges (we then say that the graph is row-finite because its adjacency matrix has rows with finitely many non-zero entries);
• every vertex emits at least one edge (i.e. there are no sinks);
• every vertex receives at least one edge (i.e. there are no sources).
The result is not optimal, in the sense that the implication is not reversible. A complete characterization of graphs with free gauge actions (both full and finite) is achieved in [8, By definition, L(Γ) ⊂ C * (Γ) is the dense * -subalgebra generated by all vertex projections p v , v ∈ Γ 0 and all partial isometries s γ , γ ∈ Γ 1 . In that purely algebraic context, the counterpart of freeness is strong gradedness.
The gauge actions by G = S 1 or the various finite subgroups G = Z/k induces a grading of L(Γ) by the character group G. The latter group is isomorphic to Z for the full action or Z/k for the finite gauge actions, and the grading assigns the partial isometries s γ degree one.
We then have
The condition is easily seen to be stronger than that of saturation in Definition 1.8. Proposition 2.13 below says that the two are in fact equivalent, so that the two versions of the problem (purely algebraic via L(Γ) vs. C * -algebraic via C * (Γ)) coincide. We will need some preparation.
Definition 2.11
An associative algebra A is locally unital if for every finite subset F ⊆ A there is some a ∈ A such that ax = xa = x, ∀x ∈ F.
When A happens to be graded by some group G we will usually assume further that the local units a as above belong to A 1 .
Lemma 2.12 Let L be a locally unital G-graded algebra. The grading is strong if and only if L τ L τ −1 = L 1 for τ ranging over a set that generates G as a monoid.
Proof One implication (strong grading ⇒ the condition in the statement) is immediate, so we focus on the other one. Suppose then that
(the last inclusion follows inductively from the hypothesis that
This is precisely what strong gradedness means, finishing the proof.
Proposition 2.13 Let Γ be an arbitrary graph and G ⊆ S 1 a closed subgroup. Then, the gauge action of G on S 1 is free if and only if the induced grading on the Leavitt path algebra L(Γ) is strong.
Proof Set B = C * (Γ) and L = L(Γ) (the Leavitt path algebra, as above). We prove the two claimed implications separately.
(⇐) Suppose the action on L induces a strong grading. Then in particular
and hence L 1 is contained in B * τ B τ . Since L 1 ⊆ B 1 is dense, the conclusion follows. (⇒) We have to argue that L γ L δ = L γ+δ for arbitrary degrees γ and δ in Z/k (including, possibly, k = ∞), assuming that the analytic version of this containment holds (involving closed linear spans, etc.).
Despite the fact that L is not in general unital, it is locally unital as a G-graded algebra in the sense of Definition 2.11. For this reason, Lemma 2.12 ensures that it is enough to prove
We do this for d = 1, as the other case poses no additional difficulties. Moreover, in order to fix ideas, assume throughout the rest of the proof that k = ∞ (i.e. we are considering the full gauge action).
Fix a projection x = s µ s * µ in L 0 . Since words s µ s * ν with |ν| = |µ| are dominated by x on the left, it is enough to show that x ∈ L 1 L * 1 . By the freeness of the action on B we have
where x i = s µi s * νi and y j = s αj s * βj for |µ i | = |ν i | + 1 and similarly for the αs and βs. Multiplying the difference from (8) on the left and right by the projection x, we may as well assume that all x i y * j are contained in xLx. Now consider the finite-dimensional C * -algebra generated by x and all x i y Corollary 2.16 For a graph Γ with finitely many vertices the full gauge action on C * (Γ) is free if and only if Γ is row-finite and has no sinks.
For finite actions, on the other hand, we have (see [8, Proposition 4.3 
])
Theorem 2.17 For a graph Γ the gauge action by Z/k, k ≥ 2 is free iff all sinks and infinite emitters are targets of length-(k − 1) paths.
A graph has no sinks if and only if the correspondence E = E(Γ) of §1.2 has faithful ϕ : A → B(E) (this is one of the remarks towards the end of [4, §3.4] ). On the other hand, Γ has no sinks precisely when ϕ(A) ⊆ K(E) (e.g. [15, p. 14] ), which in the context of §2.1 means that 1 ∈ K(E), i.e. E is FG.
The discussion thus far matches up two of the conditions of Theorem 2.7 (faithfulness and finite generation) respectively to two of the conditions listed in Theorem 2.14 (no sinks and rowfiniteness). In order to recover Corollary 2.16 from Theorem 2.7 in the finite-Γ 0 case, it remains to argue that the third condition of Theorem 2.7 is satisfied automatically for such graphs.
Lemma 2.18
The correspondence E(Γ) associated to a graph Γ with finitely many vertices is artinian in the sense of Definition 2.5.
Proof This is immediate: the lattice of ideals of C 0 (Γ 0 ) is isomorphic to the lattice of subsets of Γ 0 , and when the latter is finite the lattice is too.
Remark 2.19
This was not necessary in the proof of Lemma 2.18, but it is perhaps worth noting that for arbitrary Γ the ideal I n from Definition 2.5 is C 0 (S n ) ⊂ C 0 (Γ 0 ), where S n ⊆ Γ 0 is the set of vertices that are targets for paths of length ≥ n.
In conclusion, Corollary 2.16 is a consequence of Theorem 2.7. We next turn to the finiteaction case. Here, it turns out that the necessary and sufficient conditions for freeness in Theorem 2.8 are equivalent without finiteness assumptions. Proposition 2.20 Let Γ be an arbitrary graph, k ≥ 2 a positive integer and (A, E, ϕ) the correspondence associated to it. The latter satisfies the condition (7) of Theorem 2.8 if and only if all sinks and infinite emitters receive paths of length k − 1 Proof For correspondences associated to graphs we have ϕ −1 (K(E)) = C 0 (set of finite emitters), ker(ϕ) = C 0 (set of sinks) (see for instance [15, p.14] ). It then follows that the spectrum of J E is the set of vertices in Γ 0 that are both finite emitters and not sinks. Since on the other hand the spectrum of I k−1 is the set of vertices receiving paths of length ≥ k − 1 (Remark 2.19), condition (7) means precisely that all vertices that are either sinks or infinite emitters receive such a path.
Once more, this means that Theorem 2.17 follows (for graphs with finitely many vertices) from Theorem 2.8.
